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In the present study we propose a procedure for estimating the tensile strength of thin ultra-high
performance ﬁbre-reinforced cement-based composite (UHPFRC) layers, which eliminates the need of
extracting cores or samples from the structure. This procedure relies on a non-destructive testing (NDT)
method based on the ferromagnetic properties of the steel ﬁbres for estimating the parameters of the
underlying physical model, namely, the ﬁbre content and the ﬁbre orientation factor, and on laboratory
tensile tests for estimating the equivalent rigid-plastic ﬁbre-to-matrix bond strength. An experimental
program was developed for establishing the relation between the NDT measurements and the orienta-
tion parameters determined from image analysis. Following the proposed procedure, the tensile strength
of 36 specimens with varying ﬁbre content and ﬁbre orientation distributions is estimated based on the
magnetic measurements and compared to experimental results. The good correlation that is found
demonstrates the signiﬁcance of the proposed NDT method in the implementation of quality control
procedures of thin UHPFRC elements/layers.
© 2017 Elsevier Ltd. All rights reserved.1. Introduction
The tensile response of composite materials reinforced with
short and discontinuous steel ﬁbres, such as Ultra High Perfor-
mance Fibre Reinforced cement based Composite (UHPFRC), is
strongly inﬂuenced by the ﬁbre orientation with respect to the
principal tensile stress direction [1e3]. While the theoretical ﬁbre
content, ﬁbre type and ﬁbre-to-matrix interface bond can be
optimized during mix design stage to achieve a targeted tensile
performance [4e8], the preferential orientation of the ﬁbres has
been shown to be mostly dictated by extrinsic factors, namely the
wall effects near formed surfaces and the ﬂow induced orientation,
which depends on the geometry of the element, on the casting
process and also on the rheological characteristics of thematerial in
the fresh state [1,9e11]. Regarding the latter, it is well established
that the ﬂuidity of self-compacting UHPFRC is effective to drive and
orient the ﬁbres [1,11e13]. Fibres tend to become parallel (in thecase of shear ﬂow) or perpendicular (in the case of radial ﬂow) to
the ﬂow direction as the ﬂow distance increases. Therefore, it can
be stated that it is not possible to deﬁne a single, or intrinsic, tensile
response for UHPFRC and the in-structure tensile response of the
UHPFRC as cast in a given structural element must be used instead.
In general, the preferential alignment of the ﬁbres along any di-
rection provides the material with an anisotropic structure, which
can be described by the probability distribution function for ﬁbre
orientation, by orientation tensors [14] or at least using scalar
orientation parameters, such as the orientation number hq,i [10,15].
The latter is related to the direction i deﬁning the normal to a given
surface and can be deﬁned as the average value of cosq:
hq;i ¼
1
Nf
XNf
n¼1cos qn ; 0  hq;i  1 (1)
where Nf is the number of ﬁbres crossing the surface and qn is the
angle of nth ﬁbre with the i-axis, see Fig. 1 for notation. Besides the
ﬁbre orientation, also local variations in the ﬁbre content due to
deﬁcient ﬁbre dispersion are responsible for the scatter in the
tensile response that is sometimes observed in specimens cut from
List of symbols
Latin upper case
Nf total number of ﬁbres crossing a surface
Af cross-sectional area of a single ﬁbre
L inductance
Lair inductance measured placing the probe in the air away
from any magnetic object
Vf volume fraction of ﬁbres in UHPFRC mix
N total number of turns of copper wire used in the
orientation set-up
I current intensity
B magnetic ﬂux density
P vertical compressive force applied by the testing
machine in the DEWS test
Fsp transverse tensile force in the DEWS test
Latin lower case
i direction orthogonal to the fracture plane
nf,i number of ﬁbres crossing a unit surface normal to the
i-axis
lf ﬁbre length
df ﬁbre diameter
fUt,u tensile strength of UHPFRC governed by ﬁbre pull-out
fiðqÞ probability density function of orientation angle q of
the ﬁbres crossing the surface normal to the i-axis
gðqÞ ﬁbre efﬁciency function
f friction coefﬁcient between the rollers and the steel
plates in the DEWS test
tlig ligament thickness in the DEWS test
hlig ligament depth in the DEWS test
d1 length of the major axis of the ﬁtted ellipse
d2 length of the minor axis of the ﬁtted ellipse
Greek lower case
hq,i orientation number
q out-of-plane orientation angle of an inclined ﬁbre
4 in-plane orientation angle of an inclined ﬁbre
m magnetic permeability of a given material
mr relative magnetic permeability of a given material
m0 magnetic permeability of vacuum
mr;i; mr;j relative magnetic permeability of UHPFRC along the
mutual orthogonal directions i and j, respectively
mr;mean mean relative magnetic permeability
ðri  rjÞ ﬁbre orientation indicator
tf equivalent (rigid-plastic) ﬁbre-to-matrix bond
strength of a straight ﬁbre embedded in UHPFRC
a0 ﬁbre orientation factor
a1 ﬁbre efﬁciency factor
l proportionality constant of the ﬁtting line between fUt,u
and tf
sN nominal tensile stress in the DEWS test
sN,peak peak post-cracking nominal stress in the DEWS test
u, x, d, g parameters of Johnson's SB probability distribution
k; a; b parameters of Dagum probability distribution
Greek upper case
F magnetic ﬂux
Fig. 1. Dimensions of an inclined ﬁbre and in-plane (4) and out-of-plane (q) orienta-
tion angles.
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These issues are extremely relevant in practical applications and
are addressed, for instance, in the French interim recommendation
for design with UHPFRC [16,17]. The K-factor concept is suggested
for scaling the tensile strength determined from standardized
laboratory specimens to obtain that representative of the UHPFRC
cast in the real structure. More fundamental approaches can bedeveloped if the effective ﬁbre content and the orientation of the
ﬁbres can be characterized. This requires the application of image
recognition algorithms on high-resolution pictures of selected
cross-sections [18e20], X-ray images [21,22], or even using
computerized tomography [3,23]. These techniques allow not only
the determination of the number of ﬁbres crossing a given plane
but also their position and the corresponding out-of-plane (q) and
in-plane angles (4) (see Fig. 1). However, due to the involved labour
intensity, time-consumption and cost, the application of these
techniques is restricted to research purposes. Recently, more
research effort has been put on the development of reliable, time-
and cost-effective non-destructive test (NDT) methods for
providing indicators of the ﬁbre content and orientation. These can
be classiﬁed mainly as: electrical methods, based on the effects of
the ﬁbres on the resistivity/conductivity of the composite material
[24,25]; and magnetic methods, based on the ferromagnetic
properties of steel ﬁbres used in the composite [26e29]. In a pre-
vious work, Nunes et al. [28] developed a magnetic probe for per-
forming inductance measurements. It was demonstrated that the
local ﬁbre content can be estimated from the inductance mea-
surements performed along any two orthogonal directions using a
calibration line previously established for the same type of ﬁbres. A
ﬁbre orientation indicator was also proposed based on the same
two inductance measurements, which provides a scalar measure of
the anisotropy of the ﬁbre distribution with respect to the two
selected orthogonal directions [28].
The main objective of the present work is to develop a pro-
cedure for estimating the in-structure tensile strength along the
directions of interest of a thin UHPFRC layer avoiding the extraction
of cores or samples from the structure. The procedure is based on
NDT measurements for estimating the parameters of the
S. Nunes et al. / Cement and Concrete Composites 83 (2017) 222e238224underlying physical model. To this end, an experimental campaign
was developed involving the production of 25 mm thick UHPFRC
plates with ﬁbre contents of 1.5 and 3%, with or without pro-
nounced ﬁbre orientation, covering a wide range of orientation
proﬁles. This was achieved using a new strategy to align the ﬁbres
in UHPFRC which relies on the application of an external magnetic
ﬁeld during casting. The tensile response of the specimens was
obtained using the DEWS test [30]. An image analysis technique
was implemented to characterize the ﬁbre orientation distribution
with reference to the fracture surface of selected specimens after
tensile testing. In addition to image analysis approach, the mag-
netic NDT method was applied, in view of a meaningful correlation
between the NDT measurements and the orientation numbers
determined from the image analysis. The tensile strength estimates
based on the results of the image analysis or on the NDT mea-
surements are compared and it is concluded that equivalent accu-
racy is achieved, thereby validating the use of NDT for this purpose.
2. NDT method for detection of ﬁbre content and orientation
The magnetic permeability m is a material property deﬁned as
the constant of proportionality between the magnetizing ﬁeld
strength to which the material is subjected and the resultant
magnetic ﬂux density inside the material. It can be expressed in
terms of relative magnetic permeability mr, which is the factor by
which the material permeability exceeds that of vacuum, m0:
m ¼ mr$m0 (2)
UHPFRC can be regarded as a composite constituted by two
phases: the matrix, which is characterized by a relative magnetic
permeability equal to 1.0, similar to that of the air and independent
of the mix composition and age; and the ﬁbres, which exhibit
ferromagnetic behaviour and are characterized by a relative
permeability mr,f[1. Therefore, the measurement of any physical
quantity inﬂuenced by themagnetic permeability of this composite
material can be expected to provide information on both the con-
tent and orientation of the ﬁbres.
In a previous work [28] an inductor (hereby designated as
magnetic probe, or simply as probe) was developed consisting of a U-
shaped ferrite core and of a single copper wire coil around both legs
of the core (see Fig. 2). When an electric current is established
through the copper winding a magnetic ﬁeld is generated. The
inductance, L, of the resulting magnetic circuit is deﬁned as the
amount of magnetic ﬂux that is produced for a given electric currentFig. 2. Magnetic probe and experimental set-up used to measure inductance on a
UHPFRC plate.and can be measured using an LCR meter, as depicted in Fig. 2.
When the U-shaped inductor is placed over a UHPFRC layer, the
inductance of the magnetic circuit depends on the magnetic
permeability of the composite over which the magnetic ﬂux is
established. Based on a simpliﬁed physical model of a UHPFRC layer
with a 2D distribution of the ﬁbres, Nunes et al. [28] have shown
that the relative magnetic permeability of the composite depends
on the content and orientation of the ﬁbres with respect to the
measuring direction. As long as the magnetic reluctance of the
probe remains negligible when compared to that of the UHPFRC
layer, which holds true for the usual ﬁbre contents, it was also
shown that the relativemagnetic permeability of UHPFRC in a given
direction i (mr;i) can be readily computed from measured induc-
tance values using the following approximation:
mr;iy
Li
Lair
(3)
where Li is the inductance measured placing the probe over the
UHPFRC layer and alignedwith direction i, and Lair is the inductance
measured placing the probe in the air away from any magnetic
object.
The mean value of the relative magnetic permeability, mr;mean,
obtained from measurements in two orthogonal directions was
found to be independent from the ﬁbre orientation and to increase
linearly with ﬁbre content, being given by:
mr;mean ¼
mr;i þ mr;j
2
(4)
with mr;i and mr;j being the relative magnetic permeability obtained
using equation (3) for the orthogonal directions i and j, respectively.
For a given material and geometry of the ﬁbres, it is possible to
calibrate the linear relation between mr;mean and the ﬁbre content,
which allows estimating the ﬁbre content for a UHPFRC with the
same type of ﬁbres but with unknown ﬁbre content. This is
conﬁrmed by the experimental data obtained on 25 mm thick
UHPFRC plates containing smooth high strength steel ﬁbres with
lf ¼ 10 mm and df ¼ 0.175 mm, illustrated in Fig. 3.
From the same mr;i and mr;j values the orientation indicator ðri 
rjÞ can also be computed for identifying the direction of prefer-
ential orientation of the ﬁbres and providing a scalarmeasure of the
anisotropy in the ﬁbre distribution with respect to the i and j
directions:

ri  rj

¼ mr;i  mr;j
2$

mr;mean  1
 (5)
Based on the theoretical model, this indicator was shown to be
practically independent of the ﬁbre content [28]. Positive values
indicate orientation of the ﬁbres along the i direction while nega-
tive values indicate orientation of the ﬁbres along the j direction.
Moreover, ðri  rjÞ was found to vary linearly with cos2q, as
exempliﬁed in Fig. 4, assuming that all ﬁbres have the same
orientation (that is, the probability distribution of the ﬁbre orien-
tation angle is a Dirac delta).3. Framework for tensile strength estimation
3.1. Underlying mechanical model
The tensile strength of UHPFRC, fUt,u, is generally governed by
ﬁbre debonding followed by ﬁbre pull-out, the latter marking the
onset of the softening stage of the stress-displacement curve.
Assuming that during the debonding stage the ﬁbre-to-matrix
Fig. 3. Relative permeability measurements of 25 mm thick UHPFRC plates with ﬁbres having lf ¼ 10 mm and df ¼ 0.175 mm: a) relative permeability measurements along two
orthogonal directions for specimens with varying ﬁbre content and with or without preferential ﬁbre orientation; b) corresponding mr,mean variation with ﬁbre content.
Fig. 4. Variation of the ﬁbre orientation indicator (ri-rj) with cos2q for varying ﬁbre
contents.
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plastic law, and that the average pull-out length is lf/4, it is
possible to estimate fUt,u using equation (6) [31]:
fUt;u ¼ a0a1tf Vf
lf
df
(6)
In the equation above lf and df are the ﬁbre length and diameter,
respectively, Vf is the volume fraction of ﬁbres, tf is the equivalent
(rigid-plastic) bond strength at the ﬁbre-to-matrix interface, a0 is
the orientation factor and a1 is the efﬁciency factor. These two
factors are in fact associated to a direction in space, and in the
following the subscript ()i is going to be added where appropriate
referring to a particular direction.
The ﬁbre orientation factor a0,i can be deﬁned as the probability
of a ﬁbre to intersect a planar surface normal to the i-axis. It can be
shown [32] that is given by:
a0;i ¼ nf ;i
Af
Vf
(7)
where nf,i is the number of ﬁbres crossing a unit surface normal to
the i-axis and Af is the cross-sectional area of a single ﬁbre (Af ¼ 1/
4$p$df2 for circular ﬁbres). The ﬁbre orientation factor is comprised
between 0 and 1. Themaximumvalue occurs when all the ﬁbres are
perpendicular to the surface, that is, when all the ﬁbres are oriented
at q ¼ 0, and the minimum when all the ﬁbres are parallel to the
surface, that is, oriented at q ¼ 90 (see Fig. 1 for notation). It can be
shown using stereological principles [9,33e35] that if the orienta-
tion of the ﬁbres is randomly and uniformly distributed in the 3D
space, the orientation factor is equal to 0.5, irrespective of the
surface orientation. In this case thematerial is isotropic. If the ﬁbres
are restricted to a planar distribution, and are still randomly and
uniformly distributed, then a0,i ¼ 2/p (¼0.64) for any in-plane di-
rection i, and thematerial can be classiﬁed as transversely isotropic.
The same stereological principles can be used to demonstrate that
the orientation factors in two orthogonal directions are inversely
related [35], that is, when one increases, the other must decrease,
explaining the anisotropic structure of the material in case of
preferential alignment of the ﬁbres.The ﬁbre efﬁciency factor a1,i lumps a number of interrelated
phenomena. The most relevant is the dependency between the
pull-out force of a ﬁbre and the angle q with the fracture surface.
The existing experimental evidence on this effect is scarce when it
comes to the short ﬁbres embedded in the ultra-compact cemen-
titious matrices characteristic of UHPFRC material. The results from
pull-out tests indicate that up to angles of 60 the steel ﬁbres are
still effective, contributing very little for larger inclinations
[2,35,36]. A totally different behaviour has been reported by Li et al.
[37] for ﬂexible synthetic ﬁbres, in which the ﬁbre efﬁciency in-
creases with q. A group effect has also been identiﬁed in the sense
that the equivalent bond strength per ﬁbre decreases with
increasing ﬁbre content [6]. This reduction was also shown to
depend on the ﬁbre type (straight, hooked or twisted).
3.2. Estimate of the ﬁbre content Vf
The ﬁbre content is here expressed in terms of the volumetric
ﬁbre fraction, Vf. This can be evaluated by crushing specimens in
order to separate the ﬁbres and the matrix. In engineering practice
the use of NDT is obviously preferred and the method presented in
Fig. 5. Simpliﬁed ﬁbre efﬁciency functions as proposed by different authors.
Fig. 6. Procedure for the determination of tf by ﬁtting a line of the type fUt,u ¼ l·tf to
the experimental data.
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line relating Vfwith themean relativemagnetic permeability mr,mean
(see Fig. 3 b). Since the results depend on the length of the ﬁbres
and on magnetic permeability of the ﬁbre material, this calibration
must be performed using ﬁbres identical to those envisaged in the
real application. The calibration procedure involves the production
of small UHPFRC plates with well-known ﬁbre contents, over which
inductance measurements are performed along two orthogonal
directions. The obtained regression line is independent of the ma-
trix and represents a signature of the adopted ﬁbres (or ﬁbre mix).
3.3. Estimate of the orientation factor a0,i
The orientation factor a0,i can be determined by counting the
ﬁbres intersecting a cross-section normal to the i-axis. In the case of
UHPFRC, the number of ﬁbres is usually large and this can be more
efﬁciently performed using image analysis techniques, as described
in section 4.5. This involves cutting small samples from larger
specimens and can therefore be classiﬁed as a destructive method.
As mentioned above, the orientation factor provides a scalar mea-
sure of the anisotropic structure of the material. Therefore, it is
expected that it can be correlated with the orientation indicator
ðri  rjÞ determined from the NDT measurements, and given by
equation (5). This correlation is established in section 5.4 based on
the experimental campaign that was developed using UHPFRC
plates with and without pronounced ﬁbre orientation, covering a
wide range of a0 values.
3.4. Estimate of the efﬁciency factor a1,i
The efﬁciency factor is here deﬁned as the expected value of the
ﬁbre efﬁciency function, gðqÞ:
a1;i ¼
Zp2
0
gðqÞ fiðqÞ dq (8)
where fiðqÞ is the probability density function of the orientation angle
of the ﬁbres crossing the plane normal to the i-direction, q
(0  q  90), and gðqÞ is deﬁned as the ratio between the pull-out
force of a ﬁbre oriented at an angle q and the pull-out force of a
perfectly aligned ﬁbre (q ¼ 0). Following previous proposals [2,38],
gðqÞ ¼ 1.0 for q  60. For orientation angles in the interval 60 <
q90, the steelﬁbre efﬁciency is going tobeneglected [38], inwhich
case equation (5) becomes simply a1,i¼ Fið60Þ, with FiðqÞ being the
cumulative distribution function of q. Other authors consider a linear
decrease of the ﬁbre efﬁciency down to 0 at q ¼ 90 [2,35], or even a
trigonometric function of the type gðqÞ ¼ cosqþ a$sinq [34], with a
being a factor enabling the consideration of the shear resistance of
inclined ﬁbres being sheared over the crack edges. The different
proposals for gðqÞ are plotted in Fig. 5.
The probability density function fiðqÞ can be established based
on image analysis techniques. Laranjeira et al. [10] concluded that
the ﬁrst and second moments of q are correlated and can both be
expressed as a function of the orientation number, hq,i. The results
from image analysis presented in section 5.3 conﬁrm this proposal
and show that, in fact, it is possible to obtain good estimates of a1,i
as a function of hq,i or a0,i.
3.5. Estimate of the equivalent ﬁbre-to-matrix bond strength tf
The ﬁbre-to-matrix bond shear stress slip relation can be deter-
mined from pull-out tests [4,5,39]. Alternatively, considering that tf
is the remaining unknown, equation (6) indicates that tf can bedetermined from previous laboratory tensile characterization test
results byﬁtting a line of the type fUt,u¼ l·tf to the experimental data,
as exempliﬁed in Fig. 6, where l ¼ a0· a1$Vf$lf/df is determined as
outlined in the previous sections. The range of ﬁbre orientations in
the tested specimens should be wide enough to ensure the signiﬁ-
cance of the ﬁtted line. The tensile characterization tests can either
be direct tensile tests, or any other well established indirect test
requiring inverse analysis procedures to determine the tensile
strength. In this work the Double-Edge Wedge Tensile (DEWS) test
[30] is going to be used to exemplify the procedure. The obtained
value of tf depends both on the matrix and the ﬁbres.
4. Experimental programme
4.1. Materials and mix designs
Two compositions of UHPFRC were investigated in this work
containing a volume fraction (Vf) of ﬁbres of 1.5% and 3.0%, as
shown in Table 1. Fibres were incorporated in the mix by replacing
an equivalent volume of sand. The mixes were prepared with
ternary mixtures of cement, limestone ﬁller and silica fume. The
average particle size of cement and limestone ﬁller is 14.6 and
5.36 mm, respectively. The particles of silica fume have a size 50 to
100 times lower than that of cement particles. The superplasticizer
consists of modiﬁed carboxylates with 40% solid content. Natural
ﬁne sand with a maximum aggregate size of 1 mm was used with
0.3% absorption. With regard to ﬁbres, an hybrid mixture of two
types of straight high-strength (2100 MPa) steel ﬁbres were used,
Table 1
Mix designs of the UHPFRC developed in this project.
Constituents Speciﬁc gravity Mix-proportions (kg/m3)
Mix 1 (Vf ¼ 1.5%) Mix 2 (Vf ¼ 3.0%)
CEM I 42.5 R 3.10 794.90
Silica fumea 1.38 79.49
Limestone 2.68 311.43
Water 1.00 153.76
Superplasticizer 1.08 22.20
Sand 2.63 980.41 940.96
Fibres(lf ¼ 9 mm;
df ¼ 0.175 mm)
7.85 58.88 117.75
Fibres (lf ¼ 12 mm;
df ¼ 0.175 mm)
7.85 58.88 117.75
a Slurry with 50% solid content.
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lengths (lf ¼ 9 and 12 mm). The quantity of water shown in Table 1
is corrected taking into account the water contained in the silica
fume slurry and in the superplasticizer, and the water needed to
saturate the sand, which was initially dry. Both mixes exhibited
goodworkability and can be classiﬁed as self-compacting. A slump-
ﬂow diameter of about 300 mm and a ﬂow time of about 30 s, were
obtained in the mortar ﬂow and V-funnel tests [40], respectively.
4.2. Mixing, casting, and curing of specimens
The mixes were prepared in the laboratory in small 1.4 l batches
and mixed in a two-speed mixer complying with NP EN 196-1. The
mixing sequence consisted of mixing sand and powder materials
with 80% of the mixing water during 150 s; stopping the mixer to
scrape material adhering to the mixing bowl; mixing for another
150 s; adding the rest of the water with the 75% of the super-
plasticizer; mixing for 150 s; stopping the mixer again to scrape
material adhering to the bowl; adding the rest of the super-
plasticizer; mixing for another 90 s; adding the ﬁbres and ﬁnally
mixing further 120 s. The mixer was always set at low speed. The
mixing times were increased in accordance with the usual proced-
ures adopted in the case of conventional self-compactingmortars in
order to achieve a good dispersion of the silica fume particles.
After mixing, a small plate specimenwith 150  304  25 mm3,
see Fig. 7, was ﬁlled to assess the magnetic permeability and later
characterize the tensile behaviour through the DEWS test. Two
DEWS test specimens are obtained from each plate, as indicated in
Fig. 7. As shown in Fig. 8a a group of plates was cast simply by
placing the material in the centre of the mould to let it ﬂow freely
without any vibration. As this procedure leads to a randomFig. 7. Geometry of the plates allowing cutting tworientation of the ﬁbres the specimens taken from this group will
be referenced as “not oriented”. In other two groups of plates, a
similar procedure was adopted but, while casting, the mould was
placed inside the orientation set-up described in section 4.3, which
forced a preferential orientation of the ﬁbres in the direction of the
generated electromagnetic force. By rotating the mould by 90 two
preferential orientations were obtained. These groups of specimens
will be referenced as “oriented”. A total of 18 plates were produced
for the present experimental campaign, corresponding to 36 test
specimens. The plates were demoulded one day after casting and
kept under water in a chamber under controlled environmental
conditions (Temp. ¼ 20 C and HR ¼ 95e98%) until testing.
4.3. Orientation set-up
In order to produce an electromagnetic ﬁeld capable of orienting
the ﬁbres along a pre-established direction a copper wire coil was
wound around a U-shaped iron core, so that the induced magnetic
ﬁeld creates the north and south poles on each leg of the U. The
experimental set-up was powered by a 12 V battery, which is used
for establishing the current in the copper wire, and was provided
with a rheostat to control the intensity of the current. The mould to
be cast with the self-compacting UHPFRC is placed in between the
legs of the core, as depicted in Fig. 9. The electromagnetic ﬁeld
forces the alignment of the ﬁbres according to its ﬁeld lines, which
are perpendicular to the legs of the U-shaped core.
In the current orientation set-up the total number of turns used
in the copper wire is N ¼ 850 and the current intensity was set at
I¼ 2 A. In these circumstances, a magnetic ﬂuxF¼ 1:88 105 Wb
could be estimated, corresponding to a magnetic ﬂux density
B ¼ 5:01 103 T through the empty mould. For maximum efﬁ-
ciency, the magnetic ﬁeld is established before pouring the
UHPFRC.
4.4. DEWS test
The DEWS test was selected for the characterization of the
tensile constitutive law of the UHPFRC. The test setup is schemat-
ically depicted in Fig. 10 and has been proposed by Prisco et al. [30].
A vertical compressive force P is applied on two opposite steel
rollers wedged into triangular grooves with 45 inclined edges, so
that the compressive stress paths are deviated away from sym-
metry plane, which remains subjected to a tensile stress state
induced by the wedging action. The cross-section of the specimen
at the symmetry plane is hereby designated as the ligament. Steel
plates were glued to the groove edges and lubricated with graphite
so as to minimize the friction coefﬁcient f. Considering the 45o square specimens for mechanical testing.
Fig. 8. (a) Casting method of not oriented specimens and (b) adopted magnetic orientation set-up.
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verse tensile force is approximately Fsp z 0.89 P. The nominal
tensile stress sN across the ligament is obtained by dividing the
splitting force by the ligament area:
sN ¼
Fsp
tlig,hlig
(9)
where the ligament thickness and depth are tlig and hlig, respec-
tively. The tensile stress distribution across the ligament is not
uniform. However, it has been shown [30,41] that the peak post-
cracking nominal stress, sN,peak, reached during the test of both
hardening and softening ﬁbre reinforced cement based composites
provides a good estimate of the post-cracking tensile strength of
the material, i.e., sN,peakz fUt,u. In order to ensure that the obtained
results are representative, six similar specimens were tested for
each combination of ﬁbre content and orientation, as indicated in
Table 2.4.5. Image analysis
After tensile testing an image analysis technique was applied to
evaluate the ﬁbre orientation characteristics of selected UHPFRC
specimens. This method is essentially composed of stepwise tasks,
as shortly described in the following sections.Fig. 9. Schematic view of the electromagnetic set-up for orientation of the ﬁbres.4.5.1. Specimen preparation and image acquisition
After completing a DEWS test, a 20 mm slice was cut with a
diamond blade from each selected specimen. This slice was further
divided in six equal rectangular samples with a size of
25  25  20 mm3, as shown in Fig. 11a. The surface to be analysed
is the one closest to the crack, which is at a distance of about
12.5 mm from the ligament plane to guarantee that no ﬁbres were
pulled out from the observed surface. Only the four central samples
from each specimenwere analysed, covering the entire depth of the
ligament which contributes to the tensile behaviour observed in
the DEWS test. In addition, this zone of the specimen is not inﬂu-
enced by the wall effect.
The surface of the four central samples was polished to create a
smooth surface, removing the distorted ﬁbre ends due to the cut-
ting process (see Fig. 11b). The polished surface was photographed
using a Nikon Multizoom AZ100 optical reﬂection microscope with
an objective lens AZ-Plan Apo 1  (NA: 0.1/WD: 35 mm), in
conjunction with a PC and a DS-U2 digital camera under
3  magniﬁcation.
For each sample a series of images with 1280  960 pixels were
captured. With the chosen magniﬁcation each pixel represents an
area of 0.003  0.003 mm2. Since each sample has an area of
approximately 490 mm2 only 2.25% of the total area each time was
covered by a single image. Thus, about 100 images were captured
for each sample covering the total area and with some overlapping
between them. Finally, the image of the total surface area was
stitched using appropriate software. Fig. 12 a shows an example of
part of a RGB image obtained, where darkest shapes represent the
steel ﬁbres.4.5.2. Detection of ﬁbres
A Matlab script was developed to detect the ﬁbres in the RGB
image, to count the ﬁbres, and to characterize the coordinates and
the shape of ﬁbres in the cutting plane via the followingmain steps:
1. Analyse the histogram corresponding to the red channel and set
the threshold value to distinguish the ﬁbres from the sur-
rounding composite matrix;
2. Convert the RGB image to a binary image based on the deﬁned
threshold (in this case the threshold value ranged from 50 to 80,
due to differences in the light intensity from the microscope
lamp (see Fig. 12b);
3. Obtain the coordinates for the centroid and identify the pixels
forming the edge of each detected object;
4. Compute the ﬁlled area of each object and remove the objects
not corresponding to ﬁbres, that is, having a ﬁlled area larger
than 1 mm2 or lower than 0.017 mm2 (this lower limit corre-
sponds approximately to the area of a circle having a diameter
Fig. 10. DEWS test: a) Transverse tensile force Fsp induced by vertical force P test (adapted from Ref. [30]); b) picture of a specimen being tested.
Table 2
Tensile testing programme.
Reference Number of specimens
Vf ¼ 1.5% Vf ¼ 3.0%
Oriented 0
(X-direction)
6 6
Not oriented 6 6
Oriented 90
(Y-direction)
6 6
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tolerance indicated by the manufacturer);
5. Fit an ellipse to the edge of each object and compute the edge
perimeter and the perimeter of the ﬁtted ellipse;
6. Remove objects that do not have an elliptical shape, that is ob-
jects with a difference between the edge perimeter and the
ﬁtted ellipse perimeter higher than the established tolerance;
7. Count the number of remaining objects (ﬁbres) (see Fig. 12 c);
8. For each individual object (ﬁbre) compute the length of the
major andminor axes of the ﬁtted ellipse, d1 and d2, respectively.Fig. 11. (a) Sub-samples for image analysis (S2 to S5) obtained from DEWS te9. Save data and plot the results in the original RGB image (see
Fig. 12d).4.5.3. Determination of the orientation parameters
The orientation angle of each ﬁbre is determined as
q ¼ cos1(d2/d1), where d1, and d2 are the major and minor axes of
the ﬁtted ellipse. The sign of out-of-plane angle (q) and the in-
plane angle (4) were not investigated in this work. Therefore,
the orientation angle of each ﬁbre q is not being directly
measured, but is being obtained through a nonlinear trans-
formation which makes that the observation error is not constant.
In the case of a ﬁbre with a diameter of 0.175 mm oriented at
0 an error of 2 pixels in the measurement of d2 results in an
estimated angle of q ¼ 15. The same measurement error in d2 for
a ﬁbre oriented at 45 results in an observation error of only 2.
This means that the lower angles are overestimated and has
implications in the obtained distribution of the orientation an-
gles, as will be discussed later on. This fact has also been reported
by other authors [19,42].st specimens; (b) Smooth surface of four central samples after polishing.
Fig. 12. Exempliﬁcation of image processing process: (a) original RGB image; (b) detected binary image at the end of step 2; (c) binary image at the end of step 6; (d) detected ﬁbres
plotted in the original image.
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5.1. DEWS results and selection of specimens for image analysis
Fig.13 shows the experimental results of 36 DEWS tests in terms
of nominal tensile stress (sN) versus crack opening displacement at
mid-depth (COD_Mid) curves. The corresponding peak normal
stress after cracking (sN,peak) results are presented in Table 3. The
test results feature a wide range of material constitutive relation-
ships due to the fact that specimens with two ﬁbre contents and
three distinct ﬁbre orientation proﬁles were tested. The results
show that depending on ﬁbre orientation sN,peak can range from
0.76 to 10.81 MPa, for Vf ¼ 1.5% and from 2.10 to 17.13 MPa, forFig. 13. Experimental sN e COD curves for specimens with: (a) 3% of ﬁbres; (b) 1.5% of ﬁbres.
image analysis.Vf ¼ 3.0%. Two specimens were selected from each group of six for
ﬁbre orientation evaluation using image analysis. The curves cor-
responding to the selected specimens (numbered 1 and 2) are
represented in black in Fig. 13.
5.2. Magnetic probe results
Prior to tensile testing, inductance measurements along two
orthogonal directions (Y and X), were performed in the notched
region of each DEWS test specimen. As deﬁned in Fig. 10, the X-
direction is selected to be aligned with the direction of the principal
tensile stress. Twomeasurements were performed on each zone by
rotating the magnetic probe 90 around its axis. In this manner,Tests at 90 days. The black lines with the markers correspond to selected specimens for
Table 3
sN,peak, mr;X , mr;Y and ðrX  rY Þ results for each specimen.
Vf Orient. Spec. sN,peak
(MPa)
mr,X mr,Y (rX-rY) (%) Vf Orient. Spec. sN,peak
(MPa)
mr,X mr,Y (rX-rY)
(%)
3%
X
1 16.47 1.125 1.094 14.38
1.5%
X
1 10.81 1.076 1.053 18.48
2 16.41 1.126 1.100 11.80 2 7.70 1.072 1.055 13.81
3 14.90 1.130 1.097 14.55 3 9.64 1.073 1.053 15.56
4 15.07 1.134 1.108 10.72 4 7.98 1.073 1.053 15.56
5 17.13 1.135 1.099 15.32 5 8.25 1.076 1.053 18.48
6 16.37 1.128 1.100 12.62 6 10.03 1.072 1.052 16.38
Not
1 7.16 1.116 1.119 1.49
Not
1 4.12 1.071 1.071 0.00
2 7.19 1.122 1.126 1.69 2 3.06 1.070 1.077 4.76
3 7.11 1.116 1.123 3.23 3 3.68 1.071 1.081 5.99
4 6.74 1.118 1.126 3.15 4 3.65 1.068 1.078 7.18
5 5.42 1.116 1.128 4.60 5 3.12 1.073 1.078 3.26
6 5.58 1.114 1.124 4.12 6 3.13 1.071 1.075 2.88
Y
1 3.67 1.100 1.130 13.15
Y
1 1.31 1.054 1.074 15.38
2 3.18 1.097 1.131 15.08 2 0.76 1.053 1.075 17.58
3 2.10 1.097 1.132 15.60 3 1.15 1.050 1.069 15.29
4 4.60 1.100 1.132 13.60 4 0.98 1.052 1.071 15.43
5 2.57 1.096 1.130 15.17 5 1.07 1.053 1.071 14.12
6 4.16 1.100 1.126 11.46 6 1.19 1.052 1.071 15.91
S. Nunes et al. / Cement and Concrete Composites 83 (2017) 222e238 231approximately the same specimen region has been analysed in the
two directions. The results of relative magnetic permeability ob-
tained using equation (3) for the two orthogonal directions, X and Y,
are presented in Table 3, along with the corresponding value of the
orientation indicator.
5.3. Image analysis results
5.3.1. General
The mean and standard deviation of the orientation angle (q)
and of the cosine of the angle (cosq) determined from image
analysis are presented in Table 4 for the 12 analysed specimens.
Based on manual counting of ﬁbres, the total number of ﬁbres (Nf*),
the number of ﬁbres per unit area (nf*, ﬁbres/cm2) and the ﬁbreTable 4
Summary of ﬁbre counting and orientation per sub-sample for each of the 12 selected s
Vf Orient. Sp. Mean value (standard deviation)
q (º)
S2 S3 S4 S5
3.0%
X
1 20.70
(8.83)
19.18
(8.12)
18.44
(9.62)
20.78
(9.28)
2 18.30
(9.15)
22.17
(12.50)
29.24
(13.94)
22.67
(12.32)
Not
1 36.35
(15.41)
37.44
(18.05)
47.65
(19.40)
28.56
(13.43)
2 43.79
(17.92)
38.11
(16.69)
38.27
(19.91)
35.66
(17.63)
Y
1 43.65
(21.98)
49.55
(20.05)
50.49
(22.68)
48.30
(21.85)
2 56.74
(20.48)
51.68
(23.50)
49.03
(24.06)
52.25
(20.45)
1.5%
X
1 19.21
(8.84)
22.01
(9.97)
21.11
(7.82)
19.52
(7.79)
2 21.76
(10.92)
26.15
(13.57)
24.24
(11.69)
24.48
(10.58)
Not
1 33.99
(14.57)
47.44
(19.40)
36.27
(19.57)
37.96
(15.99)
2** 59.50
(17.05)
67.51
(15.15)
65.59
(14.73)
53.29
(14.42)
Y
1 69.14
(15.72)
63.18
(19.41)
60.42
(20.56)
52.88
(19.61)
2 65.77
(12.58)
63.74
(15.90)
62.99
(22.07)
65.12
(17.99)
Notes: results of similar sub-samples are underlined; the mean value of cosq correspond
results of this specimen were excluded from data when ﬁtting the models; numbers inorientation factor (a0* ) computed from equation (7), are also given
in Table 4. An underestimation of the number of ﬁbres is always
expected when using the automatic image processing method due
to the errors arising when converting the original image to a binary
image and when assessing potential ﬁbres [18]. Accordingly, Nf is
systematically lower than Nf* (see Table 4). Nevertheless the
automatic image processing method was able to detect a high
percentage of the total number of ﬁbres (>90%, except in the case of
the lowest number of ﬁbres).
The hypothesis that there are no effects of location on cross-
section was tested statistically using the ﬁbre orientation angles
measured on each sub-sample (S2, S3, S4 and S5). T-tests indicated
that at a signiﬁcance level of 5%, not all sub-samples of the same
specimen exhibit the same probabilistic characteristics regardingpecimens.
Nf Nf
* nf
* a0,X
* a1,X
cosq
All All All All All All All
19.78
(9.04)
0.93
(0.07)
1471 1513 101.6 0.81 1.00
22.90
(12.62)
0.90
(0.12)
1397 1458 95.9 0.77 0.98
36.31
(17.45)
0.77
(0.20)
933 937 61.4 0.49 0.87
38.68
(18.15)
0.74
(0.21)
924 951 64.1 0.51 0.86
47.85
(21.79)
0.62
(0.27)
723 742 48.4 0.39 0.62
52.52
(22.24)
0.56
(0.29)
533 550 34.9 0.28 0.57
20.45
(8.66)
0.93
(0.07)
784 859 55.7 0.89 0.99
23.98
(11.69)
0.90
(0.11)
713 778 51.8 0.83 0.98
38.49
(17.75)
0.75
(0.21)
498 503 40.3 0.65 0.87
60.34
(16.23)
0.47
(0.22)
231 231 16.0 0.26 0.43
60.82
(19.87)
0.45
(0.27)
229 244 16.9 0.27 0.41
64.30
(17.52)
0.41
(0.24)
129 152 11.2 0.18 0.27
s to the orientation number hq,X; ()* results from manual counting of ﬁbres; (-)**
italic and inside brackets refer to the standard deviation.
Fig. 14. Relation between orientation parameters. The dots represent experimental data points and the dashed lines the values given by equations (10), (11) or (12): (a) qm vs.
cos1(hq,X) and prediction by equation (10); (b) CV(cosq) vs. hq,X, and prediction by equation (11); (c) s(q) vs. hq,X and prediction by equation (12).
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are probabilistically similar (those underlined in Table 4), mean-
ing that the orientation angle of the ﬁbres in these groups of
samples can be reasonably accepted to come from the same prob-
abilistic distribution, but not on the other samples taken from the
same specimen. Hence, in order to have a representative descrip-
tion of ﬁbres contribution to tensile behaviour of each specimen the
mean and standard deviation of q and cosq were derived using all
the measurements made on the 4 samples of each specimen.
It is noted that the value of a0,X¼ 0.26 obtained for the specimen
marked with ** in Table 4 is not typical of the rest of the data
corresponding to not-oriented specimens. Furthermore, this value
was identiﬁed as an outlier in the regressions presented in the
following sections and for this reason it has been excluded from the
data when ﬁtting the models.Fig. 16. eRelation between orientation indicator from NDT and orientation factor.5.3.2. Distribution of the ﬁbre orientation angle
As previously mentioned in section 3.4, it has been proposed
[10] that the ﬁrst and second moments of q are correlated and can
be expressed as a function of the orientation number, hq,i. In fact,
taking into account the deﬁnition of hq,i given by equation (1), it is
reasonable to expect that the average orientation angle of the ﬁbres
intersecting a surface normal to direction i can be estimated by:
qm ¼ cos1

hq;i

(10)
The accuracy of this estimate is conﬁrmed in Fig. 14 a with the
data obtained in the present experimental campaign. Laranjeira
et al. [10] have also identiﬁed a linear relation between hq,i and theFig. 15. Relation between a) the square of the ﬁbre orientation number and the ﬁbrecoefﬁcient of variation of the cosine of the angle of the ﬁbres
crossing the surface normal to direction i, CV(cosq):
CVðcos qÞ ¼ 1 hq;i (11)
which is also corroborated by the present experimental data, as can
be seen in Fig. 14 b. Laranjeira et al. [10] proposed that the standard
deviation of q be given by:orientation factor; b) the ﬁbre orientation number and the ﬁbre efﬁciency factor.
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
1 hq;i

(12)
Again, this proposal ﬁts the present experimental data, as can be
seen in Fig. 14 c. The ﬁt is reasonably good for hq,X > 0.5, while for
lower values of hq,X more data is needed to conﬁrm the observed
deviation of the two data points from the values given by equation
(12).
Laranjeira et al. [10] suggested a Gaussian distribution for q,
although they recognized that laws of extreme values, like the
Gumbel distribution, could better ﬁt the data when hq,i tends to 1.0.
Deeb et al. [11] also investigated the way steel ﬁbres are oriented
during ﬂow in self-compacting concrete mixes using numerical
simulations. They concluded that the Johnson SB distribution pro-
vided the best ﬁt to their results. In the current study one of the
statistical laws found to better describe the distribution of orien-
tation angles was also the Johnson SB. The Johnson SB is a trans-
formation of the Gaussian distribution and possesses two
properties that make it a good candidate to represent the distri-
bution of the orientation angle. First, it is bounded which means
that is able to represent variables that have physical or natural
constraints on their range, as is the case of the out-of-plane angle
(0  q  90). Second, the two parameters controlling the shape
allow a considerable ﬂexibility to ﬁt a broad spectrum of distribu-
tion shapes. Nevertheless, to describe the cases with accentuated
preferential orientation in the X direction (hq,X close to 1.0), the
Dagum distributionwas found more appropriate. In these cases the
Johnson SB distribution did not ﬁt better than the Dagum because
of the much lower variability around a very pronounced peak of the
histogram. However, as discussed in section 4.5.3, it must be
remarked that in these cases the observed angles may be affected
by the larger observation error that is inherent to the adopted
image analysis technique. The equations and the parameters of the
best ﬁtted distributions are provided in Appendix A1, jointly with
the corresponding histograms for all the 12 analysed specimens.
5.3.3. Relation between mechanical model parameters and the
orientation number
The orientation number hq,i is selected as a scalar measure of the
ﬁbre orientation for a crack surface perpendicular to the i-direction.
Its relation with the parameters a0,i and a1,i of equation (6) is
assessed from the image analysis results obtained from the 11
selected DEWS specimens. On the other hand, if the distribution of
orientation angles is assumed to be uniform, the theoretical re-
lations between a0,i and hq,i, and a1,i and hq,i, can also be establishedFig. 17. Orientation factors in orthogonal directions and comparison with experi-
mental data from other authors.as described in Appendix A2.
The experimental data points shown in Fig. 15a suggest that:
a0;Xzh
2
q;X (13)
A Pearson correlation coefﬁcient of 0.98 was found indicating
that a0,X and hq,X2 are clearly related. It is remarked that the exper-
imental data covers a wide range of a0 values, thereby providing a
robust validation for the proposed relation. The dashed lines in
Fig. 15 awere determined using stereology principles and following
the work by Bastien-Masse et al. [35], as explained in Appendix A2.
The underlying assumption of the method is that the ﬁbres are
uniformly distributed within the range of possible ﬁbre orienta-
tions, which leads to trigonometric functions for fiðqÞ.
As for the relation between a1,X and hq,X, it is recalled that the
underlying ﬁbre efﬁciency function gðqÞ was deﬁned such that
a1,X ¼ FXð60Þ, as explained in section 3.4. The experimental data
points displayed in Fig. 15b where determined using directly the
empirical cumulative distribution of the angle q and the corre-
sponding hq,X, both determined from image analysis (results from
Table 4). The solid grey line corresponds to the FXð60Þ values
assuming a Gaussian distribution for q with mean and standard
deviation given by equations (10) and (12), respectively. The dashed
lines were determined using the same stereological principles
mentioned above and described in Appendix A2. It can be seen that
for hq,X > 0.5, the a1,X values obtained using the Gaussian distri-
bution ﬁt quite well the experimental data. In the cases of
extremely unfavourable ﬁbre orientation (hq,X < 0.5) the Gaussian
distribution tends to overestimate a1,X.
In the case of very favourable ﬁbre orientation, only a negligible
number of ﬁbres is oriented at q > 60 leading to a1z 1.0. Aiming at
a simple semi-empirical equation for obtaining a1, the experi-
mental data points suggest a linear relation between a1,X and hq,X if
the data points corresponding to the specimens with ﬁbres ori-
ented along the X-direction (i.e., at 0) are excluded. The linear ﬁt is
also shown in Fig. 15 b.5.4. Relation between a0;X and (rX-rY)
As mentioned in section 2, the ﬁbre orientation indicator ðrX 
rY Þ was found to vary linearly with cos2q if the ﬁbre orientation
distribution is a Dirac delta. Therefore, it is interesting to conﬁrm
that the available experimental evidence indicates that ðrX  rY Þ
and hq,X2 (¼a0,X, as per equation (13)) are indeed linearly correlated.
A statistical regression analysis led to the model described byFig. 18. Relation between the ﬁbre efﬁciency and orientation factors.
Fig. 19. Estimation of sN,peak: a) determination of tf based on the 11 specimens subjected to image analysis; b) comparison between the 36 sN,peak values obtained experimentally
and those predicted using the magnetic probe measurements and equations (6), (14) and (16).
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variation in a0,X based on the variation of ðrX  rY Þ. Regarding the
question that could arise of different preferential orientations
possibly leading to different mathematical relations between the
two indicators, we found that different groups all share a common
model, the model presented in Fig. 16 (statistical tests rejected the
presence of signiﬁcant effects of the grouping due to forced
orientation).
a0;X ¼ 0:57þ 1:85,ðrX  rYÞ (14)
As the orientation indicator deﬁned by equation (5) is sym-
metric with respect to any two orthogonal directions X and Y, that
is (rX e rY) ¼ - (rY e rX), the ﬁbre anisotropy is implied in equation
(14). The orientation factor in the perpendicular direction,a0,Y, can
be obtained as:
a0;Y ¼ a0;X  3:7,ðrX  rY Þ (15)
The ﬁbre anisotropy predicted by the proposed equations is
validated in Fig. 17 with the available experimental evidence from
Refs. [1,2,43]. The experimental data points corresponds to the re-
sults from image analysis over two orthogonal planes perpendic-
ular to the thickness in order to determine the corresponding ﬁbre
orientation factors. In all cases, the thickness of the studied ele-
ments is comprised between 20 and 50 mm and the assumed
casting direction was set to a0,Y. The dashed lines were obtained
according to Bastien-Masse et al. [35] based on stereological prin-
ciples. It is interesting to conﬁrm that the ﬁbre orientation factors
estimated from equations (14) and (15) lie between the boundary
cases determined using stereology for 2D and 3D ﬁbre distributions
and ﬁt quite well the experimental data points.5.5. Relation between a0;X and a1;X
Accepting that a0,iy hq,i2 and noting the good linear correlation
between a1,X and hq,X established in Fig. 15 b, the following equation
can be immediately derived for determining a1,X directly from a0,X:
a1;X ¼

1:686, ﬃﬃﬃﬃﬃﬃﬃﬃﬃa0;Xp  0:406; a0;X <0:70
1:0; a0;X  0:70 (16)
Note that the value 0.70 is an estimated boundary. The equation
is plotted in Fig. 18 against the experimental data and the good ﬁt is
conﬁrmed. The dashed lines were determined from stereological
analysis as detailed in Appendix A2.5.6. Estimation of the peak tensile stress after cracking in DEWS test
Following the procedure outlined in section 3.5, l ¼ a0,X·
a1,X$Vf$lf/df was computed based on the image analysis results from
Table 4 and plotted against the corresponding experimental sN,peak
values given in Table 3. Only 11 out of the total 36 DEWS test results
are included (specimens number 1 and 2 in Table 3), due to the
limited number of specimens subjected to image analysis. Fig.19 (a)
conﬁrms the existence of a linear relationship between l and
sN,peak. as implied by equation (6). The linear regression analysis
estimates that tf ¼ 11.1 MPa, which is well within the range of
values indicated in Ref. [6] for UHPFRC mixes with straight steel
ﬁbres.
Once tf is estimated, the NDT measurements together with
equations (14) and (16) are used to predict the sN,peak values of the
36 DEWS specimens. The comparison between the predicted and
the experimental values is shown in Fig. 19 (b) and good agreement
is found. An average ratio of experimental to predicted sN,peak
values of 1.13 is obtained, with a coefﬁcient of variation of 0.20.
There is no signiﬁcant difference between sN,peak probability dis-
tributions obtained in both procedures if one excludes the group of
6 specimens with Vf ¼ 3.0% and non-oriented ﬁbres (Wilcoxon
signed rank test p-value ¼ 33.8% > 5%). In fact, the detailed analysis
of Fig.19 (b) shows that all the black dots corresponding to these six
specimens lie below the 45 line. This might be explained by the
existence of a group effect which, besides the ﬁbre content, de-
pends also on the distribution of the ﬁbres. In fact, if the ﬁbres are
well aligned normal to the fracture surface, the ﬁbre-to-ﬁbre
interaction may be expected to be smaller than when the ﬁbres
are randomly distributed. This is a current deﬁciency of the un-
derlying physical model described by equation (6), and reveals the
need to include an extra group reduction coefﬁcient.
The results shown in Fig. 19b serve to illustrate the great po-
tential of the magnetic probe to assess the effect of ﬁbre orientation
on the tensile behaviour of UHPFRC. After establishing meaningful
correlations at the lab-specimen scale their transfer into full-scale
structural applications can be foreseen to effectively implement
the proposed NDT method into quality control procedures.6. Conclusions
Based on presented results, the following conclusions can be
drawn:
 The developed magnetic orientation method was found to
produce strong preferential ﬁbre orientations in laboratory
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mechanical effects. The ﬁbre orientation factor and the orien-
tation number ranged from 0.18 to 0.89 and from 0.41 to 0.93,
respectively.
 A noticeable difference in the orientation angles distribution
characteristics was revealed from the image analysis results. In
general, the Jonhson's SB distribution was found to be better
suited to represent the orientation angles distribution than the
normal distribution, in accordance to Deeb et al. [11] ﬁndings.
 The image analysis results combined with the tensile charac-
terization test results allow to estimate the equivalent ﬁbre-to-
matrix bond strength by ﬁtting a model of the type fUt,u ¼ l·tf to
the experimental data, where l ¼ a0· a1$Vf$lf/df (as shown in
Fig. 19a). The range of ﬁbre orientations in the tested specimens
should be wide enough to ensure the signiﬁcance of the ﬁtted
line, which can be easily accomplished by the proposed mag-
netic orientation method.
 A linear relation was found between the NDT orientation indi-
cator (rX  rY) [28] and the ﬁbre orientation factor a0 deter-
mined from image analysis. The degree of ﬁbre anisotropy
predicted by the proposed relation is in agreement with
experimental evidence from other authors and lie in between
the boundary cases determined using stereology principles for
2D and 3D ﬁbre distributions as proposed by Bastien-Masse
et al. [35].
 Based on the collected experimental data, a relation was
established between the ﬁbre orientation factor a0 and the ﬁbre
efﬁciency factor a1. It exhibits a similar trend to the curves that
can be obtained from stereological principles.
From the previous conclusions, a procedure for estimating the
ultimate tensile strength of a thin UHPFRC layer along the di-
rections of interest is proposed, which eliminates the need of
extracting cores or samples from the structure. This procedure is
based on NDT magnetic measurements for estimating the param-
eters of the underlying physical model, namely, the ﬁbre content
(Vf), the ﬁbre orientation and efﬁciency factors. For new ﬁbre mixes
in UHPFRC the implementation of this procedure requires the
laboratory characterization of tf, using the procedure proposed in
section 3.5, and the calibration of the regression lines relating Vf
with mr,mean and a0 with ðri  rjÞ as described in sections 2 and 5.4,
respectively. Afterwards, whenever changes are introduced in the
UHPFRC matrix, keeping the ﬁbres mix, it is only necessary to
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The Johnson’s SB is a continuous probability distribution
bounded in the range x  x  x þ u, with the general probability
density function
f ðxÞ ¼ duﬃﬃﬃﬃﬃﬃ
2p
p
ðx xÞðxþ u xÞ exp

 1
2

gþ dln

x x
xþ u x
	2
; x< x< xþ u (17)
where u; d>0, ∞< x<∞, ∞<g<∞ [44]. The parameter u
gives the range, x is the lower bound, d and g are shape parameters,
and g ¼ 0 indicates symmetry.The Dagum distribution is a
continuous probability distribution deﬁned over positive real
numbers. The corresponding probability density function is given
by
f ðxÞ ¼
ak

x
b
ak1
b

1þ

x
b
akþ1; x>0 (18)
where k and a are shape parameters, b is a scale parameter and
k; a; b>0 [45].
Fitting of the theoretical distributions to sampling distributions
has been performed by applying the usual goodness of ﬁt (Kol-
mogoroveSmirnov and Anderson-Darling) tests. The parameters of
the best ﬁtted distributions are presented in Table A1 The corre-
sponding histograms for all the 12 specimens with the ﬁtted dis-
tribution and the p-value obtained when applying the
KolmogoroveSmirnov goodness of ﬁt test are shown in Figs. A1 and
A2. These values indicate very good agreements with the theoret-
ical distributions that were adopted, except for the 3% dosage and
orientation in the Y direction, where ﬁtting of the Johnson SB is
quite weak. In this case we are clearly facing a mixture of distri-
butions. The corresponding Normal cumulative functions with the
mean and standard variation determined from the measured hq,X
using equations (10) and (12) are also shown for reference.Dagum
u x k a b
1.0447 4.0825 17.717
1.0085 3.3663 19.941
87.19 7.4136
87.312 5.5307
77.313 6.205
75.59 11.007
0.98882 4.3634 18.949
1.144 3.6861 20.372
95.083 6.0278
132.96 39.89
80.329 4.7561
81.011 1.2986
Fig. A.1. Histogram of orientation angles and ﬁtted theoretical distributions (Vf ¼ 3%). First and second rows correspond to specimens 1 and 2, respectively.
Fig. A.2. Histogram of orientation angles and ﬁtted theoretical distributions (Vf ¼ 1.5%) First and second rows correspond to specimens 1 and 2, respectively.
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In the following, stereological principles are used to determinethe ﬁbre orientation factor and its relations with the efﬁciency
factor and the orientation number. The underlying assumption is
that the orientation angles q and 4 (see Fig. 1 for notation) are
S. Nunes et al. / Cement and Concrete Composites 83 (2017) 222e238 237uniformly distributed within a certain range of possible angles.
Although the wall-effects can be taken into account through this
methodology by imposing appropriate restrictions to the boundary
angles [9,15], this assumption is inconsistent with the expected
distribution of ﬁbre orientations in cases where ﬂow-induced
orientation is signiﬁcant. Even though, the method will be used
for comparison with the results from image analysis.Three-dimensional case
Considering uniformly distributed spatial angles q and 4, it can
be shown [35] that the joint probability of a ﬁbre: being oriented
between q1 and (q1 þ dq) and 41 and (41 þ d4); and crossing a
surface normal to the i-direction is:
Piðq;4Þ ¼
sin q
ð4a  4bÞ,ðcos qa  cos qbÞ
,piðq;4Þ,dq,d4 (19)
where qa, qb, 4 a, 4 b are the boundary angles and pi(q,4) is the
projection along the i-direction of a unit vector collinear with the
ﬁbre:
piðq;4Þ ¼ cos q
pjðq;4Þ ¼ sin q,cos 4
pkðq;4Þ ¼ sin q,sin 4
(20)
The ﬁbre orientation factors along three-orthogonal directions i,
j and k are determined integrating equation (19) within the domain,
taking into account the boundary angles:
a0;i ¼
Z4b
4a
Zqb
qa
sin q,cos q
ð4a  4bÞ,ðcos qa  cos qbÞ
,dq,d4
¼ 1
4
cos 2qa  cos 2qb
cos qa  cos qb
(21)
a0;j ¼
Z4b
4a
Zqb
qa
sin2 q,cos 4
ð4a  4bÞ,ðcos qa  cos qbÞ
,dq,d4
¼ 1
4
,
2,ðqb  qaÞ þ sin 2qa  sin 2qb
cos qa  cos qb
,
sin 4b  sin 4a
4b  4a
(22)
a0;k ¼
Z4b
4a
Zqb
qa
sin2 q,sin 4
ð4a  4bÞ,ðcos qa  cos qbÞ
,dq,d4
¼ 1
4
,
2,ðqb  qaÞ þ sin 2qa  sin 2qb
cos qa  cos qb
,
cos 4a  cos 4b
4b  4a
(23)
The relations between the orientation factors for orthogonal
directions can be calculated in two steps, as proposed by Bastien-
Masse et al. [35], using the equations above and varying the
boundary angles: 1) qa ¼ 0, qb2 [0; p/2]; 2) qa2 [0; p/2], qb ¼ p/2.
The probability density function of the orientation angle of the
ﬁbres crossing the surface normal to the i-direction, fiðqÞ, can be
determined from the ratio between Pi and a0,i:fiðqÞ ¼
4,sin q,cos q
cos 2qa  cos 2qb
; qa  q  qb (24)
Considering the deﬁnition of ﬁbre efﬁciency factor a1,i as the
expected value of the ﬁbre efﬁciency function gðqÞ and taking into
account that gðqÞ ¼ 1.0 for 0 q  60 and gðqÞ ¼ 0 otherwise, it is
possible to conclude that:
a1;i ¼
Zp=2
0
giðqÞ,fiðqÞ,dq
¼
8>><
>>:
1 ; qb  p=3
cos 2qa þ 1=2
cos 2qa  cos 2qb
; qa  p=3 ∧ p=3< qb  p=2
0 ; qa >p=3
(25)
The orientation number hq,i can be deﬁned as the expected value
of the projection along the i-direction of the unitary vectors
collinear with the ﬁbres, in which case:
hq;i ¼
Zp=2
0
cos q,fiðqÞ,dq ¼
4
3
,
cos3qa  cos3qb
cos 2qa  cos 2qb
(26)Two-dimensional case
If the ﬁbres are restricted to be distributed in a plane, it can be
shown [35] that the joint probability of a ﬁbre being oriented be-
tween q1 and (q1 þ dq); and crossing a surface normal to the i-di-
rection is:
PiðqÞ ¼
1
qb  qa
,piðqÞ,dq (27)
where qa, qb are the assumed boundary angles and pi(q) is the
projection along the i-direction of a unit vector collinear with the
ﬁbre:
piðqÞ ¼ cos q
pjðqÞ ¼ sin q (28)
The ﬁbre orientation factors along two-orthogonal directions i
and j are obtained integrating equation (27) within the domain,
taking into account the boundary angles:
a0;i ¼
Zqb
qa
cos q
qb  qa
,dq ¼ sin qb  sin qa
qb  qa
(29)
a0;j ¼
Zqb
qa
sin q
qb  qa
,dq ¼ cos qa  cos qb
qb  qa
(30)
Again, the probability density function of the orientation angle
of the ﬁbres crossing the surface normal to the i-direction is now:
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cos q
sin qb  sin qa
; qa  q  qb (31)
and the ﬁbre efﬁciency factor and orientation number given by
a1;i ¼
Zp=2
0
giðqÞ,fiðqÞ,dq
¼
8>><
>>:
1 ; qb  p=3ﬃﬃﬃ
3
p .
2 sin qa
sin qb  sin qa
; qa  p=3 ∧ p=3< qb  p=2
0 ; qa >p=3
(32)
hq;i ¼
Zp=2
0
cos q,fiðqÞ,dq ¼
1
2
,
qb  qa þ 12 ðsin 2qb  sin 2qaÞ
sin qb  sin qa
(33)
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